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Abstract
The mass spectrum of D-wave mesons is considered in a nonrelativistic
constituent quark model. The results show a common mass degeneracy of the
isovector and isodoublet states of the 1 3D1 and 1
3D3 nonets, and suggest
therefore that the K(1680) cannot be the I = 1=2 member of the 1 3D1
nonet. They also suggest that the 2(1870); presently omitted from the Meson
Summary Table, should be interpreted as the I = 0 ss state of the 1 1D2 nonet.
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1 Introduction
The existence of a gluon self-coupling in QCD suggests that, in addition to the conven-
tional qq states, there may be non-qq mesons: bound states including gluons (gluonia
and glueballs, and qqg hybrids) and multiquark states [1]. Since the theoretical guid-
ance on the properties of unusual states is often contradictory, models that agree in
the qq sector dier in their predictions about new states. Among the naively expected




i) no place in qq nonet,
ii) flavor-singlet coupling,
iii) enhanced production in gluon-rich channels such as J=Ψ(1S) decay,
iv) reduced γγ coupling,
v) exotic quantum numbers not allowed for qq (in some cases).








where PS stands for phase space. S is expected to be larger for gluonium than for
qq states. Of course, mixing eects and other dynamical eects such as form-factors
can obscure these simple signatures. Even if the mixing is large, however, simply
counting the number of observed states remains a clear signal for non-exotic non-qq
states. Exotic quantum number states (0−−; 0+−; 1−+; 2+−; : : :) would be the best
signatures for non-qq states. It should be also emphasized that no state has yet
unambiguously been identied as gluonium, or as a multiquark state, or as a hybrid.
In this paper we shall discuss D-wave meson states, the interpretation of which as
members of conventional quark model qq nonets encounters diculties [3]. We shall
be concerned with the four meson nonets which have the following qq quark model
assignments, according to the most recent Review of Particle Physics [4]:
1) 1 1D2 J
PC = 2−+; 2(1670); 
0
2( ? ); 2( ? ); K2(1770)
2) 1 3D1 J
PC = 1−−; (1700); !(1600); ( ? ); K(1680)
3) 1 3D2 J
PC = 2−−; 2( ? ); !2( ? ); 2( ? ); K
0
2(1820)
4) 1 3D3 J
PC = 3−−; 3(1690); !3(1670); 3(1850); K

3(1780);
and start with a discussion of the corresponding two problems associated with the
isodoublet channel of these nonets. One of them is related to the K(1410)−K(1680)
problem, the other to possible 1D2 −3 D2 mixing in the I = 1=2 channel.
The two mesons, K(1680) (with mass 171420 MeV and width 323110 MeV) and
K(1410) (1412  12 MeV, 227  22 MeV) are currently assigned to the 1 3D1 and
2 3S1 nonets, respectively (the latter, 2
3S1 J
PC = 1−−; (1450); !(1420); (1680);
K(1410); has the same flavor quantum numbers as the former), although, as the Par-
ticle Data Group (PDG) states, \the K(1410) could be replaced by the K(1680)
as the 2 3S1 state" [5]. The problem with these mesons is that the K
(1410) seems
too light to be the 2 3S1 state, even if one takes into account possible 2
3S1 − 1 3D1
mixing. Similarly, the K(1680) seems too light to be the 1 3D1: One may doubt
even the existence of the K(1410); as suggested rst by To¨rnqvist [6], since it (as
well as the K(1680)) has been observed by only one group, LASS [7], although with
superior statistics, in partial wave analyses under the much stronger K2 (1430) and
K0 (1430): Two older experiments [8, 9] quote a considerably higher mass, ’ 1500
MeV. In addition, its K branching ratio is suspiciously small, only (6:61:3)%. On
the other hand, the K(1680) has a suspiciously large total width ( 400) MeV, much
larger than typical hadron widths, and a natural suspicion would be that it is really
composed of two states of normal width ( 150− 200 MeV) [6], quite analogously to
what has been suggested to be the case for the (1600) and !(1600) which have been
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resolved into (1450) plus (1700) and !(1420) plus !(1600) [10]. The masses of the
two states contained in the K(1680) were determined in ref. [6]to be 2 3S1(1608)
and 1 3D1(1784); from the requirement that the both t the corresponding Regge
trajectories. This is in agreement with the values obtained by Godfrey and Isgur in
a relativized quark model [11], 2 3S1(1580); 1
3D1(1780): An older experiment on the
K(1680) quotes a mass of the same order,  1800 MeV [8].
Theoretically, for the four (n; L)-wave meson nonets, the isoscalar and isovector mem-
bers of the n 3LL and n
1LL nonets with the same charge cannot mix, since they
have opposite C- and G-parity, as long as one neglects SU(2)I breaking. However,
their isodoublet counterparts (strange, charmed, ... mesons) do not possess denite
C-parity and, therefore, can in principle mix when only SU(3) flavor symmetry is






cos nL sin nL






where Q stands for the K;D;Ds; ... . It is known that this mixing actually takes
place for the P -wave mesons where the I = 1=2 K1A and K1B states of the 1
3P1 and
1 1P1 nonets, respectively, mix, leading to the physical K(1270) and K(1400) states
[12, 13]. If such a mixing is also the case for the D-wave mesons, a question suggests
itself regarding the physical masses of the I = 1=2 states of the 3D2 and
1D2 nonets,
which we call K2A and K2B; respectively, in the following.
If the assumption of To¨rnqvist about the K(1680) [6] is correct, one would have
simultaneous mass near-degeneracy of the 1 3D1 and 1
3D3 meson nonets in the
isovector and isodoublet channels, since in this case M((1700))  M(3(1690));
M(K(1780))  M(K3 (1780)): As shown in our previous paper [14], similar degen-
eracy of the 1 3P0 and 1
3P2 nonets is an intrinsic property of P -wave meson spec-
troscopy and may be straightforwardly understood in a nonrelativistic constituent
quark model. We now wish to apply this model to the D-wave mesons in order to
show that near-degeneracy of the 3D3 and
3D1 nonets mentioned above also takes
place. We note that this result is a direct consequence of the nonrelativistic con-
stituent quark model which we discuss below; this mass near-degeneracy of the two
nonets does not depend on the values of the input parameters, and cannot be consid-
ered as a numerical coincidence, as the results of, e.g., Godfrey and Isgur [11], may
be viewed (their model nds the values M(K) = 1780 MeV, M(K3 ) = 1790 MeV
for the I = 1=2 1 3D1 and 1
3D3 meson masses). We also expect our model to provide
relevant information on possible K2A −K2B mixing.
2 Nonrelativistic constituent quark model
In the constituent quark model, conventional mesons are bound states of a spin 1/2
quark and spin 1/2 antiquark bound by a phenomenological potential which has
some basis in QCD [15]. The quark and antiquark spins combine to give a total spin
3
0 or 1 which is coupled to the orbital angular momentum L: This leads to meson
parity and charge conjugation given by P = (−1)L+1 and C = (−1)L+S; respectively.
One typically assumes that the qq wave function is a solution of a nonrelativistic
Schro¨dinger equation with the generalized Breit-Fermi Hamiltonian1, HBF ;
HBF  n(r)  (Hkin + V (p; r)) n(r) = En n(r); (2)




4=8;  = m1m2=(m1+m2); m1 andm2
are the constituent quark masses, and to rst order in (v=c)2 = p2c2=E2 ’ p2=m2c2;
V (p; r) reduces to the standard nonrelativistic result,
V (p; r) ’ V (r) + VSS + VLS + VT ; (3)
with V (r) = VV (r) + VS(r) being the conning potential which consists of a vector
and a scalar contribution, and VSS; VLS and VT the spin-spin, spin-orbit and tensor













































Here S+  s1 + s2; S−  s1 − s2; and
S12  3
 
















; S = S+  s1 + s2: (8)
Since (m1 +m2)
2 + 2m1m2 = 6m1m2 + (m2−m1)2; m21 +m
2
2 = 2m1m2 + (m2−m1)
2;

























1The most widely used potential models are the relativized model of Godfrey and Isgur [11]
for the qq mesons, and Capstick and Isgur [16] for the qqq baryons. These models dier from the







2 in place of that given in (2), the retention of the m=E factors in the matrix























Since two terms corresponding to the derivatives of the potentials with respect to r
























We now wish to apply the Breit-Fermi Hamiltonian to the D-wave mesons. By
calculating the expectation values of dierent terms of the Hamiltonian dened in
Eqs. (4),(8),(9), taking into account the corresponding matrix elements hs1  s2i;
hL  Si and S12 [15], one obtains relations similar to those for the P -wave mesons
[14, 17],


























































where M0 stands for the sum of the constituent quark masses in either case. The V
−
LS
term acts only on the I = 1=2 singlet and triplet states giving rise to the spin-orbit
mixing between these states2, and is responsible for the physical masses of the K2
and K
0
2: Let us assume, for simplicity, that
p
2hV −LSi(K2B) ’ −
p
2hV −LSi(K2A)  :
The masses of the K2A; K2B are then determined by relations similar to those for the
2; 2 above, and M(K
0





2The spin-orbit 3D2 −1 D2 mixing is a property of the model we are considering; the possibility
that another mechanism contributes to this mixing, such as mixing via common decay channels [13]
should not be ruled out, but is not included here.














when both the deviations M(K2B)−M(K2); M(K
0
2)−M(K2A) and the mass dierence M(K2A)−
M(K2B) are small compared to M(K2A); M(K2B):
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We thus obtain the following formulas for the masses of all eight I = 1; 1=2 D-wave














































where a; b and c are related to the matrix elements of VSS; VLS and VT (see Eqs.
(4), (6), (10)) and assumed to be the same for all of the D-wave states, and we have
ignored the correction to V +LS in the formula (10) that is due to the dierence in the
masses of the n and s quarks. These masses, as calculated from (12)-(15), are (in
the following, 2 stands for the mass of the 2; etc., and we assume SU(2) flavor
symmetry, n  mu = md; s  ms)
n =





 + 10K2B + 14K

3 − 52 − 3− 52 − 73
40
: (17)
With the physical values of the meson masses (in GeV), 2 = 1:67;  ’ 2 ’ 3 = 1:70;
K2A ’ K2B = 1:80; K ’ K3 = 1:77; the above relations give
n ’ 850 MeV; s ’ 940 MeV;
so that the abovementioned correction, according to (10), is  902=(2  850  940) ’
0:5%, i.e., completely negligible. It follows from (12)-(15) that
15a
m1m2














By expressing the ratio n=s in four dierent ways, viz., directly from (16),(17) and
dividing the expressions (18)-(20) for the I = 1=2 and I = 1 mesons by each other,
one obtains the three relations,
52 + 3+ 52 + 73
10K2A + 6K + 10K2B + 14K3 − 52 − 3− 52 − 73
=
3K + 5K2A + 7K

3 − 15K2B
3+ 52 + 73 − 152
; (21)
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3K + 5K2A + 7K

3 − 15K2B
3+ 52 + 73 − 152
=
14K3 − 5K2A − 9K

143 − 52 − 9
; (22)
14K3 − 5K2A − 9K

143 − 52 − 9
=
5K2A − 2K3 − 3K

52 − 23 − 3
: (23)
First consider Eq. (23) which may algebraically be rewritten as
(K3 −K
)(3 − 2) = (K

3 −K2A)(3 − ): (24)
Since the  and 3 states are mass near-degenerate,   3 (their masses are 170020
MeV and 1691 5 MeV, respectively [4]), it then follows from (24) that either 2 
  3; or K  K3 : The rst possibility leads, through the relations (19),(20) applied
to the I = 1 mesons, to b  c  0; which would in turn, from the same relations
for the I = 1=2 mesons, imply K  K2A  K3 : Although this case may not be
excluded on the basis of current experimental data on the meson masses, we consider
simultaneous disappearance of both the spin-orbit and tensor terms as dubious. We
believe, therefore, that the physical case corresponds to
K  K3 ; (25)
so that, the mass near-degeneracy of the 1 3D1 and 1
3D3 meson nonets in the I = 1
channel,   3; implies similar near-degeneracy also in the I = 1=2 channel. This
result is a direct consequence of the model we are considering; the equality K = K3
follows from Eq. (24), independent of the values of the input parameters a; b; c; n; s;
with the proviso that the result  = 3 is borne out experimentally.
With K = K3 and  = 3; Eqs. (21) and (22) may be rewritten as
(− 2 +K
 −K2A)(2 + 2 + 2) = 2(K
 −K2A)(K2A +K2B + 2K
); (26)
(K2A −K2B)(− 2) = (K
 −K2A)(2 − 2): (27)
One now has to determine the values of 2; K2A and K2B: The remaining equation
is obtained from the mixing of the K2A and K2B states which results in the physical
K2 and K
0








With (in MeV) 2 = 1670  20;  = 3 = 1690; K = K3 = 1780; K2 = 1773;
K
0
2 = 1816; the solution to (26)-(28) is
2 = 1741 19 MeV; K2A = 1827 17 MeV; K2B = 1762 18 MeV: (29)
For this solution, we observe the sum rule
K22A − 
2
2 = 0:307 GeV
2 ’ K22B − 
2
2 = 0:316 GeV
2; (30)
which may be further generalized to include the near-degenerate   3 = 1690 MeV
and K  K3 = 1780 MeV:
K2 − 2  K23 − 
2
3
= 0:312 GeV2: (31)
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Relations of the type (30),(31) could have been expected by anology with the formulas
K2 − 2 = K2 − 2; K22 − a
2
2 = K
2 − 2; etc:;
provided by either the algebraic approach to QCD [18] or phenomenological formulas
m21 = 2Bn+ C; m
2
1=2 = B(n+ s) + C
(where B is related to the quark condensate, and C is a constant within a given
meson nonet) motivated by the linear mass spectrum of a nonet and the collinearity
of Regge trajectories of the corresponding I = 1 and I = 1=2 states, as discussed in
ref. [19].
Note from (29) that both the K2A and K2B lie in the mass intervals provided by
current experimental data on the K
0
2 and K2 states, respectively. This simply means
that the mixing between these states is negligible (within uncertainties provided by
data), or
p
2hV −LSi << K2A − K2B: As we will see in Eqs. (32)-(34) below, this is
entirely consistent with reasonable expectation based on the decrease of such matrix
elements with increasing partial wave (see the corresponding P -wave results [14]).
Thus, the nonrelativistic constituent quark model we are considering suggests the
following qq assignments for the isovector and isodoublet states of the D-wave meson
nonets:
2 ’ 1680 MeV; K2B ’ 1770 MeV;
 ’ 1690 MeV; K ’ 1780 MeV;
2 ’ 1730 MeV; K2A ’ 1820 MeV;
3 ’ 1690 MeV; K
 ’ 1780 MeV:
Let us now extract the matrix elements of the spin-spin, spin-orbit, and tensor inter-
action in our model. As follows from (18)-(20) and the above relations for the masses





















= 46:7 MeV: (34)
Also, hV −LSi = 0; since the K2A − K2B mixing angle is close to zero. Therefore, the
spin-spin and tensor terms of the Hamiltonian (2) are of the same order of magnitude,
and the spin-orbit terms are negligibly small.
One may now estimate the masses of the isoscalar mesons of the four nonets
assuming that they are pure ss states. Applying (12)-(15) with m1 = m2 = s; we
nd
2 ’ 1860 MeV;   3 ’ 1870 MeV; 2 ’ 1910 MeV: (35)
The value 1870 is within 1% of the physical value of the 3 mass, 1854 7 MeV [4].
There exists an experimental candidate for the 2(1860) but it was omitted from the
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recent Meson Summary Table as \needs conrmation". This state indicated in PDG
as the 2(1870) [4] has been seen by the Crystal Ball collaboration in the nal state
00 of a γγ reaction as a resonant structure having mass and width 1881 32 40
MeV, 2219244 MeV, respectively [20], and as a similar structure in γγ ! +−
by the CELLO collaboration, with mass and width 1850  50 MeV,  360 MeV,
respectively [21].
The masses of the remaining isoscalar nn states of the four nonets may be calcu-
lated by assuming that all four nonets are ideally mixed and using the Sakurai mass
formula for an ideally mixed nonet [22],
M2(I = 1) +M2(I = 0; nn) + 2M2(I = 0; ss) = 4M2(I = 1=2): (36)
In this way, one obtains

0
2 ’ 1670 MeV; !  !3 ’ 1680 MeV; !2 ’ 1720 MeV: (37)
The value 1680 is within 1% of the physical value of the !3 mass, 1667 4 MeV, and
2% of that of the !; 1649 24 MeV [4].
4 Concluding remarks
We have shown that a nonrelativistic constituent quark model displays a common
mass near-degeneracy of the 1 3D1 and 1
3D3 meson nonets in the isovector and
isodoublet channels, and suggests therefore that the K(1680) cannot be the I = 1=2
member of the 1 3D1 nonet. The mass of the true member of the latter is estimated
to be ’ 1780 MeV. This may support the assumption of To¨rnqvist that the K(1680)
should resolve into two separate resonances which are the I = 1=2 members of the 1
3D1 and 2
3S1 nonets. The analysis of the LASS data on the reaction K
−p! K0−p
done by Bird [23] reveals a resonant structure with mass 1678 64 MeV and a huge
width of 454 270 MeV; the two abovementioned states may be associated with its
upper- and lower-mass parts, respectively.
The conclusion that the K(1410) does not belong to the 2 3S1 nonet agrees with
the results obtained by one of the authors in ref. [24] on the basis of the linear
spectrum of a meson nonet discussed in [19], which does not support the K(1410)
meson being the member of the 2 3S1 nonet. (In [24], out of the two, K
(1410) and
K(1680); the preference being the 2 3S1 I = 1=2 state was given to the latter). If
this is actually the case, and the true member of the 2 3S1 nonet is, e.g., the low-mass
part of the broad K(1680); in agreement with To¨rnqvist, the question immediately
arises as to what the real nature of this state is, if it does exist. A possible answer to
this question may be the subject of subsequent investigation.
We close with briefly summarizing our ndings:
1. A nonrelativistic constituent quark model displays a common mass near-degeneracy
of the 1 3D1 and 1
3D3 meson nonets in the I = 1 and 1=2 channels, and suggests
therefore that the K(1680) cannot be the I = 1=2 member of the 1 3D1 nonet.
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2. When matched to current experimental data on the meson masses, this model
shows no mixing between the I = 1=2 states of the 1 3D2 and
1D2 nonets. The
spin-orbit terms of the Hamiltonian appear to be negligibly small.
3. The results suggest a sum rule
M2(I = 1=2)−M2(I = 1)  const ’ 0:31 GeV2;
which holds for all four D-wave meson nonets.
4. The results also suggest that the 2(1870) which is at present omitted from the
Meson Summary Table, is the I = 1 ss state of the 1 1D2 nonet.
5. The qq assignments for the P -wave nonets obtained on the basis of the results of
the work, are
1 1D2 J




PC = 1−−; (1690); !(1680); (1870); K(1780)
1 3D2 J
PC = 2−−; 2(1730); !2(1720); 2(1910); K2A(1820)
1 3D3 J
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